The Clifford group is a fundamental structure in quantum information with a wide variety of applications. We discuss the tensor representations of the q-qubit Clifford group, which is defined as the normalizer of the q-qubit Pauli group in U (2 q ). In particular, we characterize all irreducible subrepresentations of the two-copy representation ϕ ⊗2 of the Clifford group on the matrix space
I. INTRODUCTION
Symmetric structures, encoded as groups, play a fundamental role in the study of quantum information theory and quantum mechanics in general. The Pauli group and its normalizer, the Clifford group, are particularly important in quantum information, with applications such as quantum error-correcting codes [2] , quantum tomographic methods [3] , and quantum data hiding [4] . These applications are mostly possible because operations within the Clifford group can be efficiently simulated [5] and the Clifford group is a unitary 2-design [4] , that is, averages over the Clifford group approximate the Haar average over the full unitary group [6] . An equivalent way of looking at the 2-design property is by saying that the second tensor power representation of the Clifford group is equivalent to the second tensor power representation of the unitary group [7] . This equivalence is useful because the tensor representations of the unitary group are well known [8] .
Recently it has been shown by that the q-qubit Clifford group is also a 3-design, i.e. the third tensor power of the fundamental representation of the multi-qubit Clifford group is equivalent to the third tensor power representation of the full unitary group [9, 10] . However, simultaneously it was shown that the multi-qubit Clifford group is not a 4-design. Consequently, the two-copy representation [11] of the Clifford group (that is, the Clifford group acting by conjugation on a matrix space C d×d ⊗ C d×d with d = 2 q ) differs from that of the unitary group. The structure of the two-copy representation of the one qubit Clifford group was analyzed in Ref. [11] and used to analyze the statistical performance of randomized benchmarking (RB) [12, 13] , a common method of characterizing quantum systems.
In this paper we provide a complete analysis of the "two-copy representation" of the multi-qubit Clifford group for any number of qubits. In an upcoming companion paper [1] , we apply these results to analyze multi-qubit randomized benchmarking, leading to a substantial reduction in the amount of data required to obtain rigorous and precise estimates using the randomised benchmarking procedure.
II. PRELIMINARIES
We begin by defining the multi-qubit Pauli and Clifford groups and introducing the Liouville representation (also known as the "affine" representation [14] ).
Definition 1 (Multi-qubit Pauli and Clifford groups). Let {|0 , |1 } be an orthonormal basis of C 2 and in this basis define the matrices
where |. .| denotes the vector outer product. The q-qubit Pauli group P q is the subgroup of the unitary group U(2 q ) consisting of all tensor products of q elements of X, Z, i 2 . The q-qubit Clifford group C q is the normalizer of P q in U(2 q ), that is,
For brevity, we will refer to the multi-qubit Pauli and Clifford groups as simply the Pauli and Clifford groups respectively, where the number of qubits will be implicit from the context. For a more expansive introduction to the Pauli and Clifford groups see e.g. [15] .
Quantum channels are completely-positive, trace-preserving linear maps from C d×d → C d×d . [16] It is convenient to represent them as matrices. To achieve this, let {B j : j ∈ d 2 } be an arbitrary traceorthonormal basis of C d×d , that is, Tr(B † j B k ) = δ j,k . We can then set |B j = e j (the canonical basis vectors for C d 2 ) and
where
A quantum channel T is a linear map:
so we can represent T by the matrix
where we use bold fonts to distinguish the abstract channel and its matrix representation. We use bases constructed from elements of the basis {σ 0 } ∪ σ where σ 0 = 2 −q/2 2 q and
the trace-normalised Pauli matrices. From the definition of the Clifford group, we can write the Liouville action of a Clifford element as
with summation over the index set of the Pauli group, for some phases µ j ∈ {±1} (as conjugation by a unitary preserves Hermiticity) and some permutation τ on the index set of the Pauli group, that is, Clifford group elements correspond to signed permutation matrices [17] on the basis of Pauli matrices. It is easy to verify that the homomorphism ϕ : U → U is a faithful group representation of the projective Pauli, Clifford and unitary matrix groups (i.e., the quotients of the respective groups over the subgroups of phase multiples of the identity).
III. THE TWO-COPY REPRESENTATION OF THE MULTI-QUBIT CLIFFORD GROUP
In this paper, we characterize the structure of ϕ ⊗2 (C) = C ⊗2 , the "two-copy" representation of the q-qubit Clifford group C q . With respect to the basis
on which the Clifford group acts as
Note that in the basis B the action of a Clifford element C again takes the form of a phase permutation matrix. Theorem 1 fully characterizes the representation ϕ ⊗2 of C q for any q, including C 1 as a special case. The characterization for multiple qubits is more complicated than the single-qubit case considered previously [11] because nontrivial elements of the multi-qubit Pauli group can commute (i.e., [σ, τ ] = 0) while others can anti-commute (i.e., {σ, τ } = 0) and these relations must be preserved under the action of the Clifford group. Consequently, we begin by defining subspaces of the space spanned by B that carry subrepresentations of C q . Definition 2. Let V = span B be the vector space spanned by the basis B in eq. (6) and define the vectors
Further, let Ab(±σ q ) [NAb(±σ q )] be the set of all maximal commuting [anti-commuting] subsets of ±σ q . We can use this information to define the following subspaces of V :
S τ,iστ : a ∈ NAb(±σ q )} (symmetric anti-commuting anti-Abelian)
where a 1 , a 2 are unknown but distinct numbers.
Note that we have the following subspace inclusions:
(10)
For these inclusions we will label the orthogonal complement of a space
[adj] . These spaces will be used to construct a decomposition of the representation ϕ ⊗2 into irreducible subrepresentations. In particular we will prove following theorem. Theorem 1. The decomposition of V = span{|b : b ∈ B} into subspaces carrying irreducible subrepresentations of C q in ϕ ⊗2 for different values of q is:
where all spaces are as defined in definition 2.
We begin by calculating how many subrepresentations we require for each q. We will do this using basic techniques from character theory (see e.g [8] for more information). Recall that the character of a representation φ : G → GL(d) is the function χ φ : G → C such that χ φ (g) = Tr(φ(g)), which is invariant under unitary conjugation (i.e., changes of trace-orthonormal basis for ϕ ⊗2 ). Setting B = {|j k|} gives
so that for any t ∈
The inner product between the characters of two representations R and R ′ of a group G is
for any group G ⊆ U(2 q ), where dg is the Haar measure on G, which for finite groups can be replaced by an equally-weighted sum over all group elements. By Schur's orthogonality relations,
where n R is the multiplicity of the subrep R of G in ϕ ⊗c and
is the tth frame potential of G (or technically, the projective group obtained by taking the quotient of G with the subgroup of phase multiples of the identity) [7] . The following lemma, proven in [9] , characterizes the 4th frame potential of C and therefore the norm of the character χ ϕ ⊗2 of the two-copy representation of the Clifford group.
Lemma 1. Let C q be the q-qubit Clifford group and ϕ ⊗2 its two-copy representation with character χ ϕ ⊗2 . The character inner product is
By eq. (15) , this number provides an upper limit to how many (in)equivalent irreducible subrepresentations the representation ϕ ⊗2 can contain. We now prove that all the spaces in definition 2 carry subrepresentations of the two-copy Clifford representation ϕ ⊗2 .
Lemma 2. All spaces W from definition 2 carry a representation of the Clifford group C q , that is
Note that W may be empty for a single qubit, in which case the statement holds vacuously.
Proof. First note that U σ 0 U † = σ 0 for any U ∈ U(2 q ) and that conjugation by any Clifford gate permutes the elements of Ab(±σ q ) and NAb(±σ q ). Furthermore, note that for any σ, τ ∈ σ q , στ ∈ ±σ q iff [σ, τ ] = 0 and iστ ∈ ±σ q iff {σ, τ } = 0. We then have
where the commutation relation between τ and σ is preserved and we can factor out a ± sign out of both tensor factors of τ ′ so that τ ′ ∈ σ q . A similar argument holds for V st1 , V st2 , so all the spaces in definition 2 are invariant under ϕ ⊗2 (C) and thus carry subrepresentations.
While lemma 2 establishes that all the spaces in definition 2 are representations, it is unclear whether V st1 and V st2 are distinct. To prove this we need a different technique.
Lemma 3. The spaces V st1 and V st2 are orthogonal for q ≥ 2.
Proof. We begin by establishing that the space V d = span{|σ σ : σ ∈ σ q } has exactly three inequivalent subrepresentations. One can see this by considering the character χ d of ϕ ⊗2 on V d . It is easy to see that for all C ∈ C we have χ d (C) = F (C) where F (C) is the number of non-identity Pauli matrices fixed by C up to a sign. An argument analogous to that of Ref. [9] gives χ d , χ d = 3 for q ≥ 2, which means V d must contain exactly three inequivalent irreducible subrepresentations. We have already found one of these (V tr ) and we will now partially characterize the bases for the others. The following treatment was inspired by [18] where it was attributed to Schur. Let T 0 , T 1 and T 2 be such that
|τ τ (21)
for all σ ∈ σ q and their action on the remaining space is trivial. It is easy to see that these operators commute with the action of ϕ ⊗2 and also that they are independent operators for q ≥ 2. Since these operators commute with ϕ ⊗2 they must be diagonal in the eigenbasis of the irreducible subrepresentations in V d with multiplicity 1. For T 0 this is trivially true but for T 1 , T 2 this puts constraints on what the eigenspaces can be. Note that the spanning vector of V tr is an eigenvector with eigenvalues 1,
respectively. Any other eigenvector must hence be an element of V st . Note also that because T 1 , T 2 are independent they can not both act as proportional to the identity on V st . This means that one of them must have two or more eigenvalues. Take this to be T 1 without loss of generality. Let σ∈σq λ σ,1 |σ |σ be an eigenvector of T 1 with eigenvalue a 1 . Then by the construction of T 1 and the definition of eigenvectors we have
We can make a similar argument for an eigenvector σ∈σq λ σ,2 |σ |σ of T 2 with eigenvalue a 2 . Note now that for any vector in V st we have
where the final line follows from the definition of V st . This means that any eigenvector of T 1 with eigenvalue a 1 must also be an eigenvector of T 2 with eigenvalue a 2 such that a 1 + a 2 = −1. Furthermore, a 1 cannot be constant as it would imply that T 2 = −T 0 − a 1 T 1 , contradicting the independence. Solving eq. (23) gives
and similarly for the eigenvectors of T 2 .
We shall now prove that combinations of the vector spaces in the statement of the theorem can be used to construct all irreducible representations. For clarity, we will divide the rest of the proof into a series of lemmas examining distinct sets of subspaces. We begin with establishing some equivalences between representations carried by different spaces.
Lemma 4. The spaces V r , V l , V [adj] , V {adj} from definition 2 carry equivalent irreducible representations of C q .
Proof. All of these spaces are given in definition 2 by an orthonormal basis. Note first that the spaces V r , V l are trivially isomorphic to the adjoint representation of the Clifford group, which is irreducible [4] . One can construct the isomorphism
It is trivial to check that this isomorphism commutes with the action of ϕ ⊗2 . We have
for all C ∈ C. By Schur's lemma [8] these spaces must thus carry equivalent representations. We can make the same argument for V {adj} and hence V [adj] , V {adj} , V r , V l carry equivalent irreducible representations Now we turn our attention to the spaces V [A] , V {A} , where we can formulate the following lemma Proof. By Schur's lemma it is enough to construct an injective map from V [A] to V {A} that commutes with ϕ ⊗2 . We can construct the following map θ between the spaces V [A] , V {A} :
which can be easily seen to be non-trivial and commutes with the action of ϕ ⊗2 (C) for all C ∈ C This can be seen by considering that for all σ,σ we have
and the same holds for the anti-commutator. This allows us to do the following calculation: Now we turn our attention to the subspace V {S} . Note that we have V {Sa} ⊂ V {S} . For q = 1 the space V {S} is trivial as all Pauli matrices mutually anticommute. Hence we have only one maximally anti-commuting subset a = {X, Y, Z} corresponding to the vector
For any maximally commuting subset with q ≥ 2, there exist Pauli matrices that anti-commute with some but not all elements of the maximally commuting subset. Hence a cancellation like in eq. (38) does not happen. This means the space V {Sa} is now non trivial and hence carries a subrep. Because the number of maximally anticommuting subsets is always smaller than the number of pairwise anticommuting Pauli's this inclusion is always strict. Hence we have
with both spaces V {Sa} , V ⊥,{S} {Sa} carrying subrepresentations of ϕ ⊗2 . The last space we need to consider is
. We first argue that for q = 2 we have V [adj] ⊂ V [Sa] . We can do this by realising that if one takes Pauli matrices τ,τ with [τ,τ ] = 0 and then picks a third Pauli matrix σ such that
we must have that σ = ±ττ . This can be easily checked by exhaustion. This means that all maximally commuting sets c are of the form {τ,τ , σ = ττ } up to minus signs. This means that for every vector |c [S] we have 
However for q ≥ 3 we can find mutually commuting triples that don't have a product relation, take for instance the triple
This means that V [Sa] has more degrees of freedom than V [adj] . Hence for q ≥ 3 we must write
So to conclude, for q = 2 we can say that ϕ ⊗2 has subrepresentations living on the spaces Now since χ ϕ ⊗2 , χ ϕ ⊗2 = 29 for q = 2 and
where χ j i is the character associated with the rep on the space V j i . Note now first that the character inner product of any character with itself must be larger than 1 (with equality when the character is irreducible) [8] . Note also we have the 5 leftover subrepresentations st1 ,st2, {Sa}, {Sa} ⊥,{S} and [adj] ⊥, [S] . Hence by the Schur orthogonality relations and the fact that 29 − 24 = 5 all the representations carried by these spaces must be irreducible and inequivalent.
For q ≥ 3 we have derived that ϕ ⊗2 has subrepresentations carried by the non-trivial spaces
and
Similarly, since χ ϕ ⊗2 , χ ϕ ⊗2 = 30 for n ≥ 3, the 6 subrepresentations st1, st2, {Sa}, {Sa} 
IV. CONCLUSION
We characterized the two-copy representation of the multi-qubit Clifford group and identified three distinct cases, namely, the single-qubit [analyzed in [11] ], two-qubit, and many-qubit cases, which contain 7, 12, and 13 irreducible representations respectively. The difference between the single-and multi-qubit cases arises due to the nontrivial commutation relations that arise in the multi-qubit Pauli group. The difference between the two-and many-qubit cases is due to the fact that if one picks two commuting two qubit Pauli's the only other Pauli commuting with both of them is the product of those Pauli's (up to a minus sign). From three qubits onwards one can pick triples of mutually commuting Pauli's which do not have this product relation. Since the Clifford group must preserve commutation relations and sends Pauli's to Pauli's this extra degree of freedom causes the [S] representation to be strictly bigger than the [adj] representation.
As the Clifford group plays a central role in quantum information, we expect the present analysis to have many applications such as state & channel tomography, analysis of fault tolerance thresholds, large deviation bounds [19] , state distinghuishability (as analysed in [20] ), etc.. As a concrete example, we have used results from the present paper in a companion paper [1] to provide a sharper analysis of the statistical performance of randomized benchmarking [12, 13] .
While this result advances knowledge of the representation theory of the Clifford groups, there remain several open questions about the general representation theory of multi-qubit Clifford groups. First and foremost, the character table is unknown, which would greatly assist future studies. This paper has identified several distinct irreducible representations, which should assist in the construction of the character table. Second, the structure of k-fold representations of the multi-qubit Clifford group is unknown, which may provide methods for sharper statistical analysis by considering higher moments. Finally, these results hold for qubits and generalizing them to higher-dimensional systems remains an open problem.
While writing the current results the authors became aware of an equivalent result due to Zhu, Kueng, Grassl and Gross, [20] where the fourth tensor power representation (which is equivalent to the two copy representation) is analysed using techniques from stabiliser codes and and used to construct projective 4-designs out of the orbits of the Clifford group, analyse POVM norm constants and applied to the problem of phase retrieval.
